We present a method for numerical computation of period integrals of a rigid Calabi-Yau threefold using Picard-Fuchs operator of a one-parameter smoothing. Our method gives a possibility of computing the lattice of period integrals of a rigid double octic without any explicit knowledge of its geometric properties, imploying only simple facts from the theory of Fuchsian equations and computations in MAPLE with a library for differential equations. As a surprising consequence we also get approximations of additional integrals related to a singular (nodal) model of considered Calabi-Yau threefold.
Introduction
In this paper by a double octic we understand a Calabi-Yau threefold obtained as a resolution of singularities of a double cover of P 3 branched along a sum of eight planes in specific configurations. There exist eleven rigid double octic Calabi-Yau threefolds defined over Q; they are modular with explicitely given modular form (for details see [8] ).
If X is a rigid Calabi-Yau threefold, then for a fixed complex volume form ω ∈ H 3,0 (X) period integrals form a lattice Λ := γ ω : γ ∈ H 3 (X, Z) ⊂ C.
Cynk and van Straten [2] used an explicit numerical integration over three-cycles defined by real polyhedral cells to compute approximations of period integrals of eleven rigid double octic Calabi-Yau threefolds. These computations gave numerical evidences that the period integrals are proportional to the special values of the L-function for the corresponding modular form.
We start with the observation that birational models of double octics appear as singular elements at conifold points of one-parameter families of manifolds {X t } t∈C , whose general element is a Calabi-Yau threefold with h 1,2 (X) = 1. With each of these families we can associate a holomorphic solution of certain differential equation of Fuchsian type.
Using basic properties of the monodromy group of a Fuchsian equation, we were also able to obtain values proportional to the special values of L-functions of respective modular forms by means of solutions' analytic continuation along a loop starting near the conifold point and encircling the point of maximal unipotent monodromy.
Our method gives a possibility of computing the lattice of period integrals of a rigid double octic without any explicit knowledge of its geometric properties, imploying only simple facts from the theory of Fuchsian equations and computations in MAPLE with a library for differential equations. As a surprising consequence we also get approximations of additional integrals related to a singular (nodal) model of considered Calabi-Yau threefold.
Recently Ruddat and Siebert proposed a different method of computing period integrals using toric degenerations (see [9] ).
The first two sections of our paper are of preliminary nature -we collect necessary information on double octic Calabi-Yau threefolds and Picard-Fuchs operator. Third section contains the description of our method for computing period integrals, and in the fourth section we present the implementation in MAPLE. The last section collects the results of our computation. In the Appendix, for the reader's convenience, we list the Picard-Fuchs operators of one-parameter families of double octic Calabi-Yau threefolds with a MUM point and a conifold point. This paper is an extended version of my bachelor thesis written at the Jagiellonian University under the supervision of prof. S lawomir Cynk.
Double octic Calabi-Yau threefolds
In this paper we shall be concerned with Calabi-Yau threefolds constructed as crepant resolutions of double covers of the projective space P 3 branched along an arrangement of eight planes S = P 1 ∪ · · · ∪ P 8 . If the arrangement has no sixfold point and no fourfold line, the double cover admits a projective crepant resolution of singularities; we call the resulting Calabi-Yau threefold a double octic.
A Calabi-Yau threefold X is called rigid if it admits no infinitesimal deformations or equivaletly if h 1,2 (X) = 0. C. Meyer in [8] gave a list of eleven rigid double octic Calabi-Yau threefolds defined over Q and 63 examples of one-parameter families; the numbering of arrangements in our paper follows the one given there.
In tab. 1 we give the equations of eleven arrangements of eight planes which result in a rigid resolution. For details on double octics we refer the reader to the monograph [8] .
Arrangement
Equation 1 xyzu By the modularity theorem (cf. [5] ) every rigid Calabi-Yau threefold defined over Q is modular, i.e. its L-series is equal to an L-series L(f, s) of a modular form f of weight four for some Γ 0 (N ). In the table below we give the modular forms corresponding to the rigid arrangments (we again adopt the notation from [8] ):
Form q-series expansion Arrangements For our purposes it is crucial that every rigid double octic is birational to a special member X t0 of a oneparameter family X t ; all special elements of one-parameter families of double octics are given in [1] . Taking the resolution of the general member of a family of branched double covers, we get a partial resolution of the special element corresponding to a rigid arrangement. This gives a special form of geometric transition.
Picard-Fuchs operator of a one-parameter family
Let X be a Calabi-Yau manifold with h 1,2 (X) = 1. By the Bogomolov-Tian-Todorov theorem X has a one-dimensional deformation space {X t } t∈V , where V is a neighbourhood of 0 in C and X 0 = X. The family {X t } t∈V is locally trivial, i.e. it is locally diffeomorphic to X 0 × ∆.
Let ω t be the complex volume form on X t , depending holomorphically on t. If we fix a 3-cycle γ 0 ∈ H 3 (X 0 , Z) on X 0 , by local triviality we can extend it to γ t ∈ H 3 (X t , Z) for all t ∈ V . The function y(t) := γt ω t is called the period function.
Period function of a one-parameter family of Calabi-Yau threefolds over a complement of a finite set in P 1 satisfies a differential equation, called the Picard-Fuchs equation of this family. It is a linear differential equation of order four
with rational coefficients p i ∈ C(X). We can also write the Picard-Fuchs operator in the form
where Θ = t · d dt denotes the logarithmic derivation, q i ∈ C(X). The Picard-Fuchs operator of a one-parameter family of Calabi-Yau threefolds is Fuchsian, i.e. it has only regular singular points. Equivalently the functions q i are in fact polynomials. More detailed information on Picard-Fuchs operators of one-parameter families of Calabi-Yau threefolds can be found in [10] .
The local exponents of the Picard-Fuchs operator at a singular point t 0 corresponding to a singular Calabi-Yau threefold are equal to {α − δ, α, α, α + δ} with rational α, δ, δ > 0. Such a regular singular point t 0 is called a conifold point (or a C point ). After a pullback we can assume the local exponents to be {0, 1, 1, 2} and then there is a fundamental system of solutions of the Picard-Fuchs equation of the form
where for i = 1, . . . , 4 the functions f i are holomorphic in the neighbourhood of the conifold point and f 1 , f 2 , f 3 , and f 4 have orders 0, 1, 1, and 2 respectively.
Our computation depends also on the existence of a point of maximal unipotent mondromy (MUM)regular singular point t 0 with local exponents {0, 0, 0, 0}. At a MUM point we can choose a fundamental system of solutions of the form
where for i = 1, . . . , 4 the functions f i are holomorphic in its neighbourhood and f 1 has a non-zero free term. We shall also use notation MUM+a point, resp. C+a point, a ∈ Q, for a point with local exponents {a, a, a, a}, resp. {a, a + 1, a + 1, a + 2}, and an appropriate fundamental system of solutions. Similarly, aC point denotes a point with local exponents {0, a, a, 2a}.
A solution f of the Picard-Fuchs operator at point t 0 can be continued along any path γ : [0, 1] −→ P 1 \ Σ with γ(0) = t 0 , omitting the set of singular points Σ, and produces a solution T γ (f ) at the point γ(1). Moreover, the continuations T γ (f ) along homotopic paths are equal.
Continuation along a loop based at any point t ∈ Σ gives a linear transformation of the space of solutions in a neighbourhood of this point. If t 0 ∈ Σ is a singular point and we take a small disc ∆ centered at t 0 that does not contain any other singularities, the continuation along the boundary of ∆ defines the local monodromy operator T t0 .
Description of the method
We shall consider a family X t of double octic Calabi-Yau threefolds such that a general member of this family satisfies h 1,2 (X t ) = 1, t 0 is a conifold point and there is a MUM point, which we may assume to be 0. Moreover assume that X t0 is a singular variety that resolves to a rigid Calabi-Yau threefold X t0 . The computations in [2] yield numerical evidences that real and imaginary period integrals of X t0 are integral multiples of π 2 L(f, 1) and πL(f, 2), where L(f, 1) and L(f, 2) are the special values of the L-function of the modular form corresponding to X t0 .
We shall present a method which in principle allows one to compute an arbitrarily precise numerical approximation of periods of X t0 . In our computations we shall not use any geometric properties of the one-parameter family, in particular we shall not use the fact that X t is a double octic. In fact, we will only use the Picard-Fuchs operator of the family X t computed in [3] . Due to this fact, we have refrained from listing the equations of one-parameter families and in the Appendix we present only their assosiated Picard-Fuchs operators.
Let us recall that in our situation the element of the family of Calabi-Yau threefolds X t is defined by a resolution of a double covering of P 3 branched along an arrangement of eight planes S t = P t 1 ∪ · · · ∪ P t 8 . Special elements X t0 of this family correspond to a choice of four indices
The resolution of singularities of a generic element of a family of double covers yields also a partial resolution of the double cover at t 0 .
Assume that the intersection of the planes P t0 i1 , P t0 i2 , P t0 i3 , P t0 i4 is a fourfold point of S t0 which is not contained in a triple line of S t0 (we call such a singular point p 0 4 ). Then the degeneration of S t at t 0 is given by a vanishing tetrahedron, which gives a vanishing cycle in X t . The singular element X t0 has two ordinary double points (nodes) as its only singularities.
If the special fiber is nodal, gluing a 4-cell along the vanishing cycle we get topological space homotopic to the special fiber. The same holds true for a small resolution with a 3-cell glued along the exceptional line.
As an integral over a torsion cycle vanishes, we will only consider homology groups modulo torsions. Denoting by X t0 a (projective) small resolution of X t0 we get
The group H 3 (X t , Z) is spanned by H 3 (X t0 , Z) and the vanishing cycle. From considerations in [2] it follows that the map
is injective. Moreover, a polyhedral 3-cycle belongs to the image of this map iff it is localy symmetric at the p 0 4 point. Consequently, the integrals of the 3-form
where F t0 (x, y, z) is an equation of the octic arrangement S t0 in an affine chart, over polyhedral 3-cycles in X t0 generate a group of rank at most 3 in C, while integrals over polyhedral 3-cycles in H 3 (X t0 ) generate a rank two subgroup (commensurable with the full periods lattice of X t0 ). Since we will consider only those integrals the computations in [2] take into account, in the table below we list the generators of integrals over polyhedrals 3-cycles on a singular double cover of a rigid arrangment (since we impose no symmetry condition on the cycles at the p 0 4 point, we can get more than three independent integrals): The integrals over polyhedral 3-cycles in H 3 (X t0 ) form a subgroup of rank at most 3 in the group generated by the entries of the above table corresponding to X t0 . Note that the group H 3 (X t0 ) depends not only on the rigid arrangment but also on the choice of the one-parameter family.
Now recall that at the conifold point t 0 we have a fundamental system of solutions of the form
Up to multiplication by a constant, two elements of this basis are uniqely determined: f 4 as the unique element of order 2 and f 2 as the coefficient of the logaritmic term.
For any solution f of the differential equation near a conifold point t 0 , the local monodromy aroud t 0 is of
In our case where X t0 is a nodal variety, f 2 (t) equals the integral over a vanishing cycle on X t . Now for a differential operator P with a MUM point at 0 and a conifold point t 0 denote by L P,t0 the additive group generated by {Re(T n 0 (f 2 )), Im(T n 0 (f 2 )) : n ∈ N}. Observe that in our case this will be a subgroup of integrals over cycles in H 3 (X t0 ) and therefore will have rank at most 3.
Assume that we have two different Picard-Fuchs operators P and P ′ with conifold points t 0 and t ′ 0 such that X t0 ∼ = X t ′ 0 . It follows from the considerations above that if L P,t0 and L P ′ ,t ′ 0 are of rank 3 and for some α ∈ C the intersection L P,t0 ∩ αL P ′ ,t ′ 0 is a lattice, this lattice is commensurable with the lattice of period integrals of X t0 .
On the other hand, in all considered cases if L P,t0 already is a lattice, it is (numerically) commensurable with the lattice of period integrals.
Computing the periods
We now describe the implementation of the above general idea. Using MAPLE's procedure formal sol we are able to determine the solution f 2 in a neighbourhood of the conifold point t 0 . We then choose a polygon chain L = (a 0 , . . . , a n+1 ) such that a 0 = a n+1 = t 0 + ǫ, |ǫ| ≪ 1, and the winding number of L around every singular point of the equation -except for the MUM point at 0 -equals 0 and the winding number around 0 equals 1.
Let g 0 , g 1 , g 2 , g 3 be a fundamental system of solutions at the point a i+1 , again computed with the MAPLE's formal sol procedure. Note that in every point of the curve L we have a fundamental system of solutions of orders 0, 1, 2, 3. Therefore given a solution g in a neighbourhood of a i whose disc of convergence has non-empty intersection with the discs of convergence of all solutions at a i+1 , we can fix a point c i in this intersection and consider the system of equations
This gives us representation of g in the basis g 0 , g 1 , g 2 , g 3 and we can continue it analytically to the point a i+1 (cf. [4] ).
In our application of this method, we begin with the solution f 2 at a point close to the conifold point t 0 . Repeating the aforementioned computation for all vertices of L, we continue the solution f 2 around the point 0 and obtain a new solutionf 2 at t 0 + ǫ. In our computations we always took c i = 1 2 (a i + a i+1 ), therefore while choosing vertices of the polyline it was important to check that c i is sufficiently close to the centers of the discs of convergence at a i and a i+1 to avoid potential problems with the rate of convergence.
When this procedure is completed, we end up with a new solutionf 2 := T 0 (f 2 ). As our goal is to determine L P,t0 , we repeat the procedure now starting withf 2 instead of f 2 , getting a new solutionf 2 and so on. Then we use the following:
The sequence satisfies the following recursion
Proof. The monodromy operator T 0 around a MUM point has a single Jordan block with eigenvalue 1:
Consequently the characteristic polynomial of T 0 equals χ(T ) = (T − 1) 4 . By the Cayley-Hamilton theorem T 4 0 − 4T 3 0 + 6T 2 0 − 4T 0 + 6 Id = 0 and the theorem follows.
We therefore see that all possible values of Re(W n ) and Im(W n ) are integral linear combinations of the first four and the generators for those values will generate the entire L P,t0 .
Additional difficulty was posed by examples where instead of MUM and C points we encountered points of type MUM+a, C+a or 1 m C for some a ∈ Q and m ∈ N. In two former cases it is relatively easy to change the local exponents such that we get the desired basis: indeed, to change local exponents at 0 one only needs to represent the differential operator using the logarithmic derivative Θ and then substitute Θ → Θ + a. However normalizing basis at 1 m C points would require us to use the substitution (t − t 0 ) → (t − t 0 ) m , producing new regular singular points in the process and making it harder to find the correct polyline. Because of this inconvenience, we have decided to perform the computations for this type of singular points using their natural basis (t− t 0 ) Example. We shall now present the details of computations in the simplest case of Arrangement 2. It has the equation (y + z)(x + y)(z + u)(tu + x)xyzu, where t is the parameter and x, y, z, u are coordinates in P 3 . Picard-Fuchs operator for this family is
The equation P 2 = 0 has three regular singular points; we present them in the following table, called the Riemann scheme, together with their local exponents: Working with the precision Digits:=30 and with the parameter 'order'= 100 for the procedure formal sol from the DEtools library, we continue analytically the solution
along L. After the first encircling we got f 2 (1) = −11.3440218793908710004979185926 + 1.93350327192382796832769889845 · 10 −23 i, after the second -≈ f 2 (1) = −45.3760875175634840019915624157 + 28.1143988476259022087394753013i, and so forth. It is then checked that the sequences Re(T n 0 (f 2 )(1)) Re(T 0 (f 2 )(1)) and Im(T n 0 (f 2 )(1)) Im(T 2 0 (f 2 )(1)) for n = 1, 2, 3, 4 within precision of 20 digits read (1, 4, 9, 16 ) and (0, 1, 4, 10). Using Theorem 2 we see that in this case L P2,t0 is already a lattice.
The resolution of singularities at the considered conifold point corresponds to the double octic of Arrangement 1 with the corresponding modular form 8/1. Its special L-values are
We can sum up our computations by
≈ 127.999999999999999999997974854.
Results of computation
In total we have studied 49 conifold points appearing in 29 families of double octics. In 40 cases the described method suggests that L P,t0 is already a lattice commensurable with the period lattice of the corresponding rigid double octic. Similarly to the example above, in fact we get not only the commensurability of lattices but it also appears that the generators computed by the means of our method are multiples of L(f, 1) and L(f, 2) 2πi . In some cases they are multiples of √ 2L(f, 1) and √ 2 L(f,2) 2πi ; the reason is that in order to get the twist of the modular form with the smallest possible level, the equation of the corresponding arrangement of planes was multiplied by 2 (cf. [2] ).
The following 2πi 8iL(f, 1) Table 3 : Results with L P,t0 of rank 2
Notice that, except for the Arrangment 245, each double octic corresponding to a rigid arrangement of eight planes appears as a resolution of singularities in at least one conifold point listed above. Therefore for those ten double octics described method seems to allow us to compute period integrals using the Picard-Fuchs operator of just one one-parameter familiy. Now we list the generators for the remaining nine cases: Table 4 : Results with L P,t0 of rank 3
In each case the real values in L P,t0 were multiples of the special value, while imaginary parts formed a group of rank 2.
We see that the remaining case rigid double octic of Arr. 245 appears as a resoultion of a special fiber in three cases and we get three rank 3 subgroups: L P253,−2 , L P274,− 1 2 and L P274,−2 . The intersection L P253,−2 ∩ iL P274,− 1 2 has rank 2 and is generated by the multiples of the special values: 144 √ 2i L(f,2) 2πi and 40
√ 2iL(f, 1), as to be expected.
This means that for all rigid double octics our method allows us to compute the lattice of period integrals with much higher precision than the methods of numerical integration used in [2] .
The results in Table 4 can be interpreted by a more detailed analysis of the computations of period integrals carried out in [2] where the period integrals were computed with numerical integration over polyhedral cells. Let us recall the table from the Section 3., listing those integrals: It turns out that we have the following identities, relating unidentified values obtained by means of our method and the generators listed in Table 4 : · (61.0738884585292464400038231520 − 10 · 3.78853747194184773010686233752).
In a similiar way we can recover much better approximations of other integrals computed in [2] . As a surprising consequence we compute not only the period lattice of a rigid Calabi-Yau threefold but also the periods of the singular model X t0 of X t0 . These additional integrals seem to be crucial for better understanding of the transformation matrices between Frobenius basis at a MUM and a conifold point. 
